o 



ELLIPTIC YANG MILLS FLOW THEORY 



REMI JANNER AND JAN SWOBODA 



' Dedicated to Professor Dietmar A. Salamon on the occasion of his 60th birthday 



PREVIEW 



Abstract. We lay the foundations of a Morse homology on the space of 

O connections on a principal G-bundle over a compact manifold Y , based 
on a newly defined gauge-invariant functional J . While the critical 
' points of J correspond to Yang-Mills connections on P, its L^-gradient 

gives rise to a novel system of elliptic equations. This contrasts previous 
approaches to a study of the Yang-Mills functional via a gradient flow. 
I We work out in the two-dimensional case the analytical foundations of 

a Yang-Mills homology based on the functional J. An application of 
this theory is given for three-dimensional products y = E x 5^. 
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1. Introduction 

During the last decades many authors, in order to understand Morse 
theoretical properties of the Yang-Mills functional 

yM : A{P) ^ M, yMiA) = 1 [ {FaA *Fa) 

^ JY 

on a principal G-bundle P over a compact manifold y, studied its gra- 
dient flow 

(1) dsA + d\FA = 0. 

This approach was introduced by Atiyah and Bott (cf. [3j) and used for ex- 
ample by Donaldson (cf. [5j ) to prove a generalized version of the Narasimhan- 
Seshadri theorem. Analytical properties of the solutions of ([1]) for principal 
bundles over a 2- or 3-dimensional base manifold, or over base manifolds 
with a symmetry of codimension 3, were proven by Rade (cf. [15], |16j ) 
and Davis (cf. [1]). A main consideration about this flow is the following 
one. Since an infinite dimensional group of symmetries, the group Q{P) of 
gauge transformations, acts on the space A[P) of connections, equation ([T|) 
is not parabolic in contrary to the heat flow on manifolds. Its linearisation, 
augmented by a gauge fixing condition, splits into a parabolic and an el- 
liptic operator (cf. [1], [12j . |22j). Moreover, it is not known whether the 
flow satisfies the Morse-Smale transversality property and it is therefore in 
the general case an open question whether a Morse homology, based on the 
Yang-Mills functional and its L'^-flow, can be defined. 

In this context we present a novel approach to Yang-Mills theory and de- 
fine a new Morse homology in the following way. We consider a princi- 
pal G-bundle P — )• y, G a compact Lie group with Lie algebra 5, over 
a ra-dimensional base manifold Y together with the space X := A{P) x 
f2"'~^(y, ad P) defined as the product between the space of g-valued connec- 
tions on P and ad(P)-valued (n — 2)-forms. We fix a Riemannian metric g 
on Y and let dvoly denote its volume form. Then we consider the energy 
functional 

(2) J:X^M, J{A,oj):= j^(^{FA,*oj)-^\u\^^dYolY. 

The critical points of this functional satisfy the system of equations 

(3) *Fa-uj = 0, dAOJ = 

and thus, in this case, A is a Yang-Mills connection and *u} is its curvature. 
The most interesting aspect are the gradient flow equations 

(4) dsA + {-l)''+^*dAUJ = 0, dsu; + {Fa - uj) = 0, 

which are of first order and for n = 2 define a nice elliptic problem. Using 
the gradient flow equations (jl]), we may then define a new elliptic Yang- 
Mills homology. 
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The plan of the paper is as follows. In Section [2] we discuss the elliptic 
Yang-Mills equations and establish in the following the main properties in 
order to define elliptic Yang-Mills homology in the case n = 2 (which we 
introduce in Section [6]) . We in particular show that the linearization of the 
gradient flow equations give rise to a Fredholm operator and determine its 
index. The main difficulty here is that the functional J is neither bounded 
from below nor from above so that the number of eigenvalue crossings of 
the resulting spectral flow cannot be read off from the index of the Hessian 
at limiting critical points of J^. To overcome this problem we relate this 
spectral flow to that of a further family of elliptic operators, the numbers 
of negative eigenvalues of their limits as s — > ±00 being finite and equal 
to the index of the limiting Yang-Mills connections. Exponential decay of 
finite energy solutions of Q towards critical points is shown in Section [5l A 
further result concerns compactness up to gauge transformations and con- 
vergence to broken trajectories of the moduli spaces of solutions of (jU of 
uniformly bounded energy. A transversality result for linearized sections 
is omitted in this version of the paper. It can be obtained using standard 
holonomy perturbations as e.g. employed in j21j. 

As an application of the elliptic Yang-Mills homology presented here we 
consider in Section [7] three dimensional product manifolds y = S x 5^. We 
relate the new invariants obtained in this case to various other homology 
groups, amongst them Floer homology of the cotangent bundle of the space 
of gauge equivalence classes of flat SO (3) connections over S. 

One difficulty in extending elliptic Morse homology to manifolds Y of ar- 
bitrary dimension n consists in the fact that the linearization of equation 
dl]) ceases to be elliptic, even if appropriate gauge fixing conditions are im- 
posed. To overcome this problem we introduce in Section [8] a modification 
of the above setup. The main idea is to restrict the configuration space 
X = A{P) X f7"-2(y,adP) to the Banach submanifold 

Xi := {{A, 00) G A{P) X n^{Y,ad{P)) \ d\uj = 0} 

of X and consider the flow (jj]) on Xi instead. This modification is natural 
because the critical points of J are automatically contained in Xi. As it 
turns out, the linearization obtained through this modification are in fact 
elliptic equations, however of nonlocal type. A discussion of their compact- 
ness and transversality properties is left to future work. 

2. Elliptic Yang-Mills flow equations 

Let y be a smooth oriented manifold of dimension n > 1 without bound- 
ary. 
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For pairs {A,lo) € A{P) x (Y, ad{P)) we consider the functional 
J {A, to) = J^{FA,*io) -^\ujf vol(y). 

The gradient of is given by 

VJ{A, io) = ((-1)"+^ * cIaco, *Fa - w). 
The ehiptic Yang-MiUs flow equations are 

/ = dsA - dA^^ + (-1)"+! * 

^ ' \ ^ = dsUj + [l>,uj]-uj + *FA 

for a connection A G A{P) and a form a; € ad(P)). 

Remark 1. The factor (— 1)""^^ appearing in the first equation in ([5]) results 
from the different signs the formal adjoint d*A = ^— l)"(d''g'^+i)+i * dA * oj oi 
dA has in different degrees and dimensions. 

Stationary points of this flow equation such that = satisfy 

(6) dAUJ = and u: = *Fa- 

Hence in particular the set of critical points of J is in bijection with the set 
of Yang-Mills connections on the bundle P. 

Remark 2. Assume {A,oj) is a solution of ([5]) on / x y, where / is an 
interval. Then it follows that oj satisfies the second order linear equation 

(7) d = Cj — OJ — d*AdAOJ. 

If in addition d^u; = then this becomes an elliptic equation with the Hodge 
Laplacian — ^ + Ayi on / x y as leading term. In case n = 2 the d^cj = 
is always satisfied because cj is a 0-form then. We also note that for critical 
points it always holds that d\u} = 0, because d^w = * Fa = by ([6]) and 
the Bianchi identity. 



3. Moduli spaces and Fredholm theory 

3.1. Gradient flow lines and moduli spaces. Throughout we call any 
smooth solution {A,u), of ([5]) on R x S a negative gradient flow line 
of J'. We say that {A,uj,^) is in temporal gauge if ^' = 0. The energy 
of a solution {A, u, of ([5]) is 

(8) Ef{A,u;,^) := 

- / *dAUJ + d a"^ \\l2(j^) + \\* Fa- A u]\\l2 (J., ds. 

In Section[5]it is shown that a solution {A, cj, 0) of ([5|) on Mx S in temporal 
gauge has finite energy if and only if there exist critical points {A^,uj^) of 
J' such that {A{s),u{s)) converges exponentially to {A^,u}^) as s — ?> ±oo. 
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We let ^A{A ,u ,A'^,uj^) denote the moduli space of gauge equivalence 
classes of negative gradient flow lines from {A~ ,u}') to (^^,0;"*"), i.e. 

M{A ,u} ,A^,uj^) := — ' ' ' ' 



where 

(^,a;,0) satisfies ^,Ef{A,Lo,0) < 00, 



M{A-,uj-,A+,u+) := { {A,uj 



lims^±oo{A{s),uj{s)) e [iA^,uj^)] 



The moduli space M{A'' , , A^ , u'^) arises in a slightly different way as 
the quotient of all finite energy gradient flow lines {A,u}, ^) from {A~,u}~) 
to {A~^,uj'^) such that ^{s) — t- as s — > ±00 modulo the action of the 
group Q{M X S) of smooth time-dependent gauge transformations, which 
converge exponentially to the identity as s — t- ±00. Our goal in the sub- 
sequent sections is to show that the moduli space M.{A~' ,oj~ , A^ ,uj'^) is a 
compact manifold and to determine its dimension. For this we first study 
the linearized operator for Eq. 

3.2. Linearized operator. Linearizing the section 

at {A, u, yields the linear operator 

(9) 'D(^A,uj,^)- {a,v,i^) ^ 

A • ] — * dA —d-A 

Vs \ V \ + \ *dA -1 -[w A 

-d\ *[a;A*-] 



where := ^ -|- A •]. It is straightforward to check that the operator 
B{A,uj,^) is symmetric. Below we show that it is a densely defined self-adjoint 
operator on the Hilbert space L^. 

Remark 3 (Gauge fixing condition). The last line in Q is zero precisely if 
{a,v,tp) is orthogonal to the gauge orbit through (A,a;), where we denote 
A := A + ^ ds. This follows from the fact that the action 

g ■ (A, 00) = {g*A + (g'^^g + g-^g) A ds, g-^ujg) 

linearizes as 

{dA'f + (V9 + ['I' A v?]) A ds, [uj A (^]), 
where if G C°°(]R, J1°(M, ad(P))). 

We now describe the functional analytic setup in which we consider the 
operator T>(^A,u),m)- I^i order to proof the Fredholm theorem below we have 
to introduce weighted Sobolev spaces. We therefore fix a number (5 > and 
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a smooth cut-off function (3 such that /3(s) = — 1 if s < and /3(s) = 1 if 
s > 1. We fix a constant p> \. We denote 

and 

:= W5^'^(M, (S)) n LP(M, VF^'P(S)), 

where 

L^(M, := L^(M, LP(S, T*S ® ad(P))) 

e (M, ad(P))) e L^(M, LP(S, ad(P))), 

and similarly for Ty/'P(M, LP(S)) and Ty/'P(M, LP(S)). Multiplication with 
the function e'^'^^'*)* yields Banach space isomorphisms 

z^o : ^ C-l =: CP and ui : W^'s ^ =: W^. 

We now define 

The operator 2^^^^ ij,) is Fredholm if and only if this holds for in 
which case both Fredholm indices coincide. Note that the operator ^ 
takes the form 

(10) ^(W) = ^+^(W)(^). 

where we denote B^^ ^ \it)i^) ■— ^(A,ui,^){s) ~ (/^ + (3's)6. From our assump- 
tions on (A, oj, and /3 it follows that the operator family s ^ B^^ ^ ^^{s) 
converges to -B(yi±,aj±,'i'±) =F as s — )• ±oo. These limit operators are invert- 
ible for a suitable choice of 5 > 0. 

3.3. Fredholm theorem. The aim of this section is to prove the following 
theorem. 

Theorem 4. Let (A,u,'^) be a solution of ^ and assume that there exist 
solutions {A^,io^) of the critical point equation ([6]) such that 

lim iA{s),u;is)) = {A^,u;^) 

in C^(S) for every A; G Nq. Then the linear operator ^?(a,lj,<I') ^-s Fredholm 
operator of index 

(11) indP(^^^^^) = indHj^- - indi/^+. 

(Here we denote by mdHy^± the index of the Yang-Mills Hessian Hj^± of 
the Yang-Mills connections A^). 

Because the statement of this theorem is invariant under gauge transfor- 
mations it suffices to prove it for ^ = 0. As remarked before Eq. (jlOp . the 
operator can equivalently be replaced by ^^(^j^ In this situation 

we denote B^ := BL and := Vf. 
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Proof of Theorem^ in the case p = 2. We let p = 2. Then B^{s) is a self- 
adjoint operator on the Hilbert space H := -L^(S) with domain dom B^{s) = 
W := for every s € M. This follows by a straight-forward modifi- 

cation of the proof of Proposition 1151 

Proof. [Theorem [4] in the case p = 2]. The result follows from [171 
Theorem A]. To apply this theorem we need to check that the following 
properties (i-iv) are satisfied, (i) The inclusion W ^ H Hilbert spaces 
is compact with dense range. This holds true by definition of the space W 
and the Rellich-Kontrachov compactness theorem, (ii) The norm of W is 
equivalent to the graph norm of B\s): W ^ H foi every s G M. This 
follows from a standard elliptic estimate for the operator B^{s): W ^ H. 
(iii) The map M — >■ C{W,H): s i— )■ B^{s) is continuously differentiable with 
respect to the weak operator topology. For this we need to verify that for 
every G W and rj G H the map s t-^ {B^{s)^,r]) is of class C-^(M, M). 
Because s i— t- {A{s),uj{s)) is a smooth path in A{P) x n^{T,,ad{P)) (and 
B^ depends smoothly on {A,ijj)) this property is clearly satisfied, (iv) The 
operators B^^± ^± G C{W,H) are invertible and are the limits of B^{s) 
in the norm topology as s — > ±00. Invertibility follows from the choice of 
the weight 5. The exponential decay Theorem [TT] gives uniform convergence 
{A(s),u}{s)) — > {A^,Lo^), hence in particular norm convergence B^{s) 
^{A± ui± 0) ~^ ±00. We have thus verified that the operator family 

s I—)- B^{s) satisfies all assumptions of [171 Theorem A]. It hence follows that 
the operator ~ s ~'~ ^^(^) Fredholm with index given by its spectral 
flow. That this spectral flow is equal to the right-hand side of (fT9]) is the 
content of the subsequent Lemma [8j □ 

It remains to determine the index of the Fredholm operator V^. This 
index is related to the spectral flow of the operator family s 1— )• B^{s) as we 
explain next. Here we follow the discussion in [n\ Section 4]. Recall that 
a crossing of B^ is a number s S M for which B^{s) is not injective. The 
crossing operator at s S M is the map 

T{B\s): keiB^is) ^kerB^is), T{B\ s) = PB^ (s), 

where P: H ^ H denotes the orthogonal projection onto keiB^lys). A 
crossing s G R is called regular if T[B^ ^ s) is nonsingular. It can be shown 
(cf. Theorem 4.2]) that the operator family s 1— )• B^{s) + 61 has only 
regular crossings for almost every (5 G M. Hence by choosing the weight 6 > 
appropriately we may assume that the curve B^ has only regular crossings. 
Then the number of crossings of B^ is finite. The signature of the crossing 
s G M is the signature (the number of positive minus the number of negative 
eigenvalues) of the endomorphism T{B^,s). The Fredholm index of is 
determined by the crossing signatures via the relation 

(12) indP^ = -^signr(S^s) 

s 
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where the sum is over ah crossings, cf. [171 Theorem 4.1]. 

We determine the Predholm index of T>^ from (jl2p . relating the crossing 
indices of to that of a further path of operators C{s) which we introduce 
next. For A G M \ {—1} and {A,uj) = {A{s),uj{s)) we define the symmetric 
operator Cx{s) by 



We furthermore set C{s) := Co(s). 

Lemma 5. For every s € M the crossing indices T{B{s)) and T{C{s)) co- 
incide. 

Proof. We first notice that A = is an eigenvalue of B(s) if and only if it 
is an eigenvalue of C{s). In this case, the corresponding eigenspaces are 
of the same dimension. These facts follow from Proposition [6] below. It 
remains to show that for every crossing s G M the signatures signr(i?,s) 
and signr(C, s) coincide. We first prove this equality for a simple crossing 
sO) i-e. in the case where the crossing is regular and in addition the kernels 
of -B(so) and C(so) are one-dimensional. In this situation let s i-> A(s), 
s G (so — e, sq + e), be a path of eigenvalues of B{s) with corresponding 
path of normalized eigenvectors ^(s) = {a{s),v{s),^p{s)) such that A(so) = 0. 
Similarly, let be a path of eigenvalues with normalized eigenvectors 
^(s) = {a{s),ip{.s)) such that /u(so) = and ^(sq) = (a(so), V'('So))- It 
suffices to prove that 

(13) sign A(so) = sign /i(so). 

To prove this claim we first apply Proposition [6] below which gives the iden- 
tity 



for all s G {sq — e, sq+s). Next, by definition of the operator families Cx(^s-){s) 
and C(s) it follows that 



Cx{s) : 



j^d\dA + *[uJA ■] 
-d*^ + j^*[u; A dA-] 



-j^*[ujA*[ujA ■]] 



dA + jTi* dA[uJ A •] 



(14) 



Cx{s){s){a{s),'>P{s)) = A(s)(a(s),V(s)) 




We apply Proposition [7] below to Eq. (fH|) . Together with (fT5|) it then 
follows that (we abbreviate A := A{so), u) := lo{so) and recall that ^(sq) = 
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(a(so),V'(so))) 

,/( -X{so)d\dA -Xiso) * dA[uj A ■] \;(^?(^ 

\V -A(so) *[ujAdA-] A(so) * [^^ A*[l^ A •]] J ^^*oj,?i*o; 

=fi{so) - A(so)((i^(iAa(so), a(so)) + 2X{so){*dAa{so), [u A V(so)]) 

+ A(so)(*[w A *[a; A V(so)], ^'(•so)) 
=/i(so) - X{so)\\dAa{so)f - X{so)\\[uj A V^l^o)]!!' 

+ 2X{so){*dAa{so), [u A ^(•so)])- 

The term /i(so) in the third equation appears as a consequence of Proposition 
[7] below. For the remaining terms in that hne we compute 

(q(so), -A(so) * dA[uj A V(so)]) =A(so)(*a(so), A V(so)]) 

=A(so)(d^ * "(so), [(^ A V(so)]) 
=A(so)(*(iAa(so), A tpiso)]), 
and hkewise for (— A(so) * [(^i A (iyia(so)], ^(sq)). It finally follows that 

^(•50) = 

(1 + \\dAaiso)f + \\[u;A V'lso)]^ - 2{*dAaiso), [oj A ^(sq)])) A(so), 

where the factor in front of A(so) is positive (in fact, greater or equal to 1) 
by the Cauchy-Schwarz inequality. This shows the claimed equality ()13p in 
the case of a simple crossing sq. The case of a general regular crossing can 
be treated similarly. This completes the proof. □ 

Proposition 6. Let B{s) = B(^a{s),uj{s),o) be the self-adjoint operator as 
in Q. Then = {a,v,ip) € dom5(s) satisfies the eigenvalue equation 
B{s)S, = A.^ for X € M\{ — 1} if and only if it satisfies the nonlinear eigenvalue 
equation 

(16) CA(s)(a,V) = A(a,V). 
Proof. Let ^ = (a,^,^) G dom i?(s) satisfy 

(17) B{s)C = AC 
for some A 7^ —1. Then it follows that 

(18) v = -^{*dAa-[ujAi;]). 

A + i 

Inserting this v into the first and last of the three equations in (jl7p yields 
(fTHl) . Conversely, let {a,ip) solve (fTHll for some A 7^ —1. Defining v by 
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equation (fT8]l and setting ^ := (a, v, ■0) we obtain a solution ^ of (fT7|) for 
this eigenvalue A. □ 

Proposition 7. Xei s ^ F{s), s € (sq — e, sq + e), &e a pai/i of densely 
defined symmetric operators on some Hilhert space H. Let s i-^ X{s), s & 
(so — e, So + e), be a path of eigenvalues of the operator family F with 
normalized eigenvectors x{s). Then it follows that 

Ksq) = {Fiso)x{so),x{so)). 

Proof. We differentiate tlie eigenvalue equation F{s)x{s) = X{s)x{s) to ob- 
tain 

Fx + Fx = Ax + Ax. 

Take the inner product of both sides with x and use that by symmetry of F 

{Fx,x) = {x,Fx) = (x,Ax) 

to obtain the result. □ 

Lemma 8. The total number XIsgk -'^(^(^)) ^/ eigenvalue crossings of the 
operator family C equals the right-hand side of ()19p . In particular, the 
Fredholm index of ^^^^j is as stated in (fT9]l . 

(19) ind 2?(^^tj ij,) = indi?^- — indff^+. 

r ( \ = ( l^^AdA + *[ujA ■] -dA + ^* dA[uj A 

Proof. We denote := lims_>.-|-oo C{s). By assumption, each pair {A^,lo^) 
satisfies the critical point equation Hence it follows that 

r± = f d\±dA± + *[*Fa± a • ] -dA± + *dA± [*Fa± A • ] \ 
V -^A± + *i*^A± A d^i • ] - * [*Fa± a [Fa± a • ]] )■ 

Note that the upper left entry of is equal to the Yang-Mills Hessian 
Ha± . Now it is straightforward to check that the nonzero eigenspaces of 
are spanned by vectors (a, 0) where a is an eigenvector of Ha± and vectors 
(0, ■0) satisfying 

-dA±ip + *dA±[*FA± A V] \ _ , / 

- * [*Fa± a [Fa± a^]] y V ^ 

for some A 7^ 0. Because the endomorphism ip — * [*Fa± A [Fa± A ip]] 
is positive semidefinite, there cannot be any negative eigenspaces of this 
type. It follows that the number of negative eigenvalues of the operator 
equals that of the Yang-Mills Hessian Ha±, i.e. is equal to md Ha±. In 
particular, the number of negative eigenvalues of is finite. This implies 
that the sum of the crossing signatures of C, ^cjgK r(C'(s)), is equal to 
ind Ha- — ind Ha+- This proves the first claim. The second claim now 
follows from Lemma [H □ 
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Proof of Theorem\^ in the case 1 < p < oo. 

Proof. The assertion of the theorem in the general case is a consequence of 
the following standard arguments. 

Step 1. Let N be the vector space 

N = {C = {a,v,i;) G C°^(M x S) | 25(^,^,0)^ = 0, 

3c> Vs G E: ||e(s)||L- + ||5.e(s)||L- + ||V^e(5)l|L- < ce~^\'\}. 

Then ker(P(^ q) • ~^ ~ particular, this kernel is finite- 

dimensional and does not depend on p. 

By standard elliptic estimates, any solution of 2^(a,lj,o)^ = is smooth. 
Exponential decay in of such ^ holds by (129]) . Elliptic bootstrapping 

arguments then show exponential decay in the form stated. This proves the 
inclusion ker(D(^ q) • ~^ ^5) ^ The opposite inclusion is clearly 
satisfied. 

Step 2. Let N* be the vector space 

N* = {v = {P,w,u;) E C~(M X S) | V^^^^^^^t^ = 0, 

3c> Vs G M: ||7?(s)||loo + ||9,r?(s)||Loo + \\Vav{s)\\l^ < ce~^\'\}. 

Then coker(2?^^ ^ : — )> C-g) = N* . In particular, this cokernel is finite- 
dimensional and does not depend on p. 

The statement follows from Step [J using the reflection s 1— > —s. 

Step 3. The range of the operator I'(yi.^_o) • ^5 ~^ ^'5 ^-^ closed. 

First, there exists a constant c = c{A,u},p) > such that for any interval 
/ = (so. So + 1) the local elliptic estimate 

U\\w^'P{IxT.) < c(II^(A,c^,0)C||lp(/xE) + II'^IIlp(/xS)) 

is satisfied for all ^ G W^''P{I x S). Second, for time-independent {A,lj, 0) = 
{A^,u^,0) the operator ^ is invertible as a bounded operator W^'P{Z^) — )■ 

L'P(Z^), where denotes the half- infinite cylinder Z~ = (— oo,0) x S, re- 
spectively = (0, 00) X S. Both estimates can be combined by a standard 
cut-off function argument into the estimate 

llellwf < c(||P(A,.,o)ell£? + WK^c^^), 

where K : — )• £^ is a suitable compact operator. The assertion now 
follows from the abstract closed range lemma, cf. ^18^ p. 14]. 

Step 4. We prove the theorem. 

By the preceding steps, the operator P(A,a;,o) ■ — t- is a Fredholm 
operator, its index being independent of p. Hence the asserted index formula 
(jl9p follows from the case p = 2. □ 
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4. Compactness 

In this section we prove a compactness theorem for solutions of ([5]) with 
uniformly bounded energy J . Let / C M be an interval. For convenience 
we shall identify at several instances the path (^,^') G C°°(/,>l(P) x 
i7°(S,ad(P))) with the connection K := A^^ds ^ A(l x P). Its cur- 
vature is 

(20) Fa = -Fa + ^ A + A ds G ^^(J x S, ad(/ x P)). 

We call a connection Ai to be in local slice with respect to the reference 
connection A if the difference Ai — A = a + ip ds satisfies 

d\{a + Tp ds) = 0. 

This condition is equivalent to 

(21) V.V' - d\a = 0, 
where we denote V^V := dsip + ['f, Tp]- 



In the following we fix (^o,^o,wo) G AiP) x O0(S,ad(P)) x fiO(S,ad(P)) 
as a smooth time-independent reference point and denote Aq := Ao + ^ods. 
Let (j4,^',a;) = (j4o, ^'o, ^^o) + (aj'^j'w) be a smooth solution ([5]) on / x S. 
We augment ([5]) with the local slice condition (j2ip with respect to the refer- 
ence connection Aq- Expanding this system of equations about {Aq, "^q,ujq) 
we obtain 



where the linear operator -B(Ao,wo1'o) ^ defined in ([9]) and where we define 

(Aq - d^o^o - *dAQ^O 

and 

-[a Alp] - *[a A v]'' 
v] + ^ *[a Aa] 
— * [ujQ A *v] 

We define the gauge-invariant energy density of the solution {A, "if, d) of ([5]) 
to be 





fa] 




Qujo 


V 











(23) e{A,^,Lo):-- 



2(1^^^ 



i=(iA^'P + \ * Fa - uj + ,u]\'^) : I X 
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Proposition 9. Let / C M 6e a compact interval and {A'^,0,uj'^) be a se- 
quence of smooth solutions of Eq. ^ on I x T, in temporal gauge. Assume 
that there exists a constant C > such that for e^ := e{A^ , 0,uj'^) 

(24) l|e"llL-(/xS) < C 

for all 1/ gN. There there exists a subsequence, still denoted by {A'^ ,0,uj'^), 
and a sequence of gauge transformations g^ £ Q{IxP) such that the sequence 
{g'^)*{A'^ ,0,uj'^) converges in the topology, for every k € Nq. 

Proof By (gU]) the curvature of the connection A" := A" + ds e A{I x P) 
is 

Fa" = Fa-^ + *dA''Uj'^ A ds. 

Assumption ()24p together with the definition (|23p of e'^ impHes the uniform 
curvature bound 

I|-^A'^||l°°(/xS) < 

11^4-. - ^''||l°°(/xS) + II'^''IIl°=(/xS) + Ma'^^''||l°°(/xS) < Ci. 

for some further constant Ci. To estimate the term ||w^||l°o(/xS) we used 
(|5ip . Therefore the assumptions of Uhlenbeck's weak compactness theorem 
(cf. [29l Theorem A]) are satisfied, for any Sobolev exponent p > ^- It yields 
the existence of a sequence of gauge transformations g'^ G Q'^'^{I x P) such 
that after passing to a subsequence 

{g^YA" ^ A* =A* + ^*ds (ly^oo) 

weakly in W^'^{I x S) for some limiting connection A* G W^'^^I x S). 
Let go € ^^'^(/ x S) be a gauge transformation such that Aq := gQA* is 
in temporal gauge, i.e. of the form Aq = Aq -\- Ods. Let Aq = Aq + Ods 
be a smooth connection W^'"^ close to Aq. Because the weakly convergent 
sequence {g^)*A'^ is bounded in W^'^, this is also the case for the gauge 
transformed sequence {q^qq)* A^ . In the following we rename {g^gQ)*A^ to 
A'^ , and likewise {g'^ go)~^ uj'^ g'^ go to o;^. Now the local slice theorem, cf. |29l 
Theorem F] , yields a further sequence h'^ of gauge transformations such that 
[g^ goh'^Y A^ is a bounded sequence in W^'^\ which in addition is in local 
slice with respect to the reference connection Aq. Denoting a'^ + ij:^ ds := 
{g^goh^YA" - Aq this means that 

(25) dl^ {a" + ^'' ds)= d\ a" - ip" = 

for all G N. We furthermore choose loq G ^^'^(S, ad(P)) as a smooth 
reference point and set v'^ := uj^ — ojq. Using again the uniform estimate (I5ip 
and assumption (124p it follows that the sequence is uniformly bounded 
in W^^P{I X S). From ([22]) and jM]) it follows that each {a" ^v"" ^il)"") satisfies 
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the equation 



V 



(26) (V, + i3(Ao,a;o,o)) = --^(^0, 0, a;o) - Q^o 

The right-hand side of (j26p is uniformly bounded in W^''P{I x S) since 
J"(^o,0,a;o) is smooth, Q^^ : W^'P{I x S) ^ W^'P{I x S) is bounded (for p 
sufficiently large) and (a^, f '0'^) satisfies a uniform bound in W^'P{I x E). 
The claim now follows by ellipticity of the linear operator + -B^^^ 
together with a bootstrap argument. □ 

The following theorem states compactness of moduli spaces up to conver- 
gence to broken trajectories. 

Theorem 10. Let f be a perturbation such that every critical point of J+hf 

is nondegenerate. Let {A^,0,uj'^) be a sequence in A4(A'^, A'^) with bounded 
energy 

(27) snp{J{A\ u") + h^{A\u:^)) < oo. 

V 

Assume that the two sequences of critical points A^ converge uniformly to 
critical points A^ G Cf\i{J + hf). Then there is a subsequence, still denoted 
by {A"" critical points A~' = Bq, . . . .B^ = A^ ^ Crit(J' + hj) and 

connecting trajectories {Ai^ ^'j, Wj) G M{Bi, -Bi+i) for i = 0, . . . , I — 1, such 
that {A'^,0,uj'^) converges to the broken trajectory 

{{Ao, ^'o,wo), . . . , (^^_i,^'£_i,W£_i)) 

in the following sense. 

For every i = 0, 1 there is a sequences sj' G M and a sequence of 

gauge transformations g^ G ^(M x S) such that the sequence {g^)*{A'^{ ■ + 
s^),0,a;'^(- + s\)) converges to (Ai,*i,a;j) uniformly on compact subsets of 
M X S. 



Proof. Assumption (j27p implies the uniform bound 

l|e/||L°°(/xS) < C[L) 

for the sequence of energy densities := e(^'^|/, w*^!/), for every compact 
interval / CM. This follows because each satisfies the differential inequal- 
ity (j52p on / X S. Hence the elliptic mean value inequality, cf. Theorem 120^ 
applies and yields a pointwise bound for Cj in terms of l|e/||^2(7-xs)- '^^^ 
latter quantity is uniformly bounded in u by (p7|) and the identity 

/■oo 

J{A'^_,u:'L)-J{Al,u:\)= / ||e'^(.)||i..^, d.. 



lL2(E) ' 

Hence the restriction of (A'^ ,u}'^) to each compact interval ICR satisfies the 
assumption of Proposition [H Therefore, after passing to a subsequence and 
modification by gauge transformations it follows that {A'''\j,uj'^\j) converges 
uniformly to some smooth (^*|/, ^'*|/, w*|/), which again is a solution of ([5]) 
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on / X S. The remaining parts of the statement now follow from standard 
arguments, involving the Exponential Decay Theorem II 1[ □ 



5. Exponential decay 

Theorem 11. We assume that every critical point of J is nondegenerate 
and fix a regular value a of J . Then there exist positive constants 6, 5, and 
c such that the following holds. For any negative gradient flow line {A,uj, ^) 
with J'{A(s),uj{s)) < a which satisfies 

(28) \\dsA{s) - dA{.)^(s)||L-{y) + ||V,w(s)||ioo(y) < 6 

for \s\ > So for a given sq > 0, then for every ^ = {a,v,ip), with a{s) G 
n^{Y,ad{P)), v{s),^{s) G 0°(y,ad(P)), which satisfies V(^a,uj,^){C) = and 
does not diverge as s ^ ±oo, 

(29) mk^iY) < ce-'^l'l 
for all s > Sq. 

Proof. The idea is to show that 

(30) f{s) := ^ ^ (lap + \v\^ + dvoly 
satisfies 

(31) f"{s) > p^f{s) 

for s > 1. Then, this implies that / has exponential decay, because, since 

ds {e-P' {f'{s) + pf{s))) = e-P' {-p'f{s) + f"{s)) > 0, 

f'{s) + pf{s) < (otherwise e^P^ if'is) + pf{s)) would be positive and in- 
crease; thus, since /(s) is bounded, e~P^f{.s) would decrease and hence f'{s) 
would increase. Therefore f{s) would be unbounded which is a contradic- 
tion and hence eP^f{s) is decreasing. Therefore, if the function / satisfies 
(I3T]) . then 

(32) f{s) < e-P^'-'^ci 

with Cl = /(I). First, before proving (j29p . we remark that the assumption 
(|28p and the negative gradient flow equation ([5]) imply that 

(33) \\dAU}\\L^(Y) -h II * Fa - w||ioo(y) < 6 
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and therefore the conditions of the Lemma [l2] are satisfied. Thus, if we 
derive / twice with respect to s, we obtain 



=2 ||d^a - *[uj A *v]f + 2 \\*dAV + - *[^^ A a]f 

+ 2 \\*dAa - v - [w A VllP + (a,*[(asA - d^^) Av]) 

+ (q, [(a,yl - d^^') A V]) - (a, *[V,L^ A a]) 

+ [V,w A V]) - (V-, [{dsA - dA'if) A a]) - *[V,a; A f]) 
>2 lld^a - A *v]\\'^ + 2 + dAijj - *[oj A a]f 

+ 2\\*dAa-v- [wAV^lf 



where the second equahty follows from the condition 'D(^A,uj,^)iO = to- 
gether with the computation ()35p below. The final inequality follows from 
a short computation, using the assumption (I28p . In fact applying the flow 
equation ^ several times we obtain 

(a,V,V,a) + {v,VsVsv) + (V',V,V,V) 

= - (a, Vs (*[a; A a] - - c?A^)) 

+ (u, (*(iAa -v-[ujA V'])) - {d*Aa - *[uj A w])) 

={a, *dAVsV + [Vs, *dA]v) + {a, dA^ + [V^, d^]^) 

- (a, *[Vsa; A a] + A V^a]) - {v, ^d^V^a + [Vs, *dA]a) 

- {v, *dAa - u - [w A V]) + {v, [VsUJ A V'] + [w A V^^]) 

+ ii^, d\Vsa + [V„ d;^]a) - *[V,w A + *[w A *V,f |) 
=(*(iAa, *dAa - v - [uj A V^]) + (a, *[{dsA - dA^) A v\) 
+ (d^a, d^a - *[w A *v]) + (a, [(9^^ - dA^) A ip]) 

— (a, *[Vsa; A a]) + (a, *[a; A (*[a; A a] — — dyi^)]) 

- (f , *dAV,a) - (v, [{dsA - dA^) A a]) 

— {v, *dAa — V — [uj A il)]) 

+ {v, [Vs^^ A V] + A {d*Aa - *[a; A *v])]) 

+ {dA^, a] - *dAV - dA^p)) + -[{dsA - dA"^) A a]) 

— (^, *[VsUJ A *v] — *[ui A *{*dAa — v — [co A tp])]) 




c6 {\\af + \\vf + \\i;f) 
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= \\d\a — *[uj A *v\\\ + 11*^^^ + cLa'^ — *[w A a]|| 
^3^^ + \\*dAa - V - [u Aij]\\^ + {a,*[{dsA - dA^) Av]) 

+ (a, [{dsA - dA^) A ^]) - {a, *[V,w A a]) 
+ {v, [VsUJ A V]) - (V', - dA^) A a]) - (V', *[V,a; A v]) 

Thus, by Lemma [T2] and upon choosing 5 and 6 smah enough 

(36) fis) > 5m\af + \\vf + \m^) = 6'f{s), 

and thus the claimed exponential convergence follows. □ 

Lemma 12. We assume that every critical point of J is nondegenerate 
and fix a regular value a of J. Then there are positive constants 5 and c 
such that the following holds. For all {A,u}) G A{P) x $7"~^(y, ad(P)) with 
J'{A,uj) < a that satisfy 

(37) ||dA'^||L°°{y) + II * -^A — '^||L°°(y) ^ ^ 

and for every ^ = {a,v,'ip), with a £ 0^(y, ad(P)), v,ip e Q.^{Y,ad{P)), 
which does not diverge as s ^ ±oo, 

\Mh{Y) + MhiY) + UWhiY) 

(38) <c( ||d^a - *[uj A *t']||^2(y) + \\*dAV + dAip - *[uj A a]||i2(y) 

+ \\*dAa -V -[uj A V']|lL2(y) )■ 

Proof. We assume by contradiction that the lemma does not hold. Then 
there are two sequences {Aiy,uj,^) € A{P) x il"'^^(y, ad(P)) and 6,^ ^ such 
that 

(39) \\dA^UJ^\\L'^(Y) + II * Fa^ - UJu\\l'^(Y) < ^u- 

and (j38|) does not hold for c^ = u. Since 

iMh(Y) =J{A^) - A {Fa - *uj)) 

(40) 2 ^ J 

^« + 4ll^llL2(y) + II * - ^A|li2(y), 

by ([37|) . uji, and are bounded in the L^-norm. Because dA * i^i^ = 0, 
is bounded in W^''^, too. Furthermore, by (j37p Fa^ is also bounded in W^''^ 
and thus by Uhlenbeck's weak compactness theorem (cf. [291 Theorem A]) 
we can assume that Ai, has a weakly convergent subsequence in A^'^{P) for 
any given 2 < p < oo. Therefore, there is a subsequence of (yljy,cj,y) which 
converges in W^'^ x 14/^^'^ to a critical point of for which ()38p holds for 
a given c, because the critical points are not degenerate. Thus, since the 
subsequence converges also in L°° there is a vq such that psp holds for any 
(Ai^jLOiy) with > I'O; which is a contradiction. □ 
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6. Elliptic Yang-Mills homology 

We fix a compact oriented Riemannian surface (S, g), a compact Lie group 
G, a principal G-bundle P — >■ S, and a regular value a > of JT". Associated 
to these data we define the elliptic Yang-Mills homology HYM^{Ti,g,P,a) 
as follows. Let 

_ {(^, uj) £ A{P) X ad(P)) I d\FA = 0,uj = *Fa, J{A, co) < a} 

G{P) 

denote the (finite) set of gauge equivalence classes of critical points of J 
of energy less than a. We assume that the elements of TV^ are isolated in 
{A{P) X ad(P)))/C7(P). They then generate a chain complex 

CyM,(S,<7,P,a) := Z2([(A^)]) 

[{A,a;)]G7^° 

with grading given by the index of the Yang-Mills Hessian HXy-M.- For a 
pair {A~ ^ A'^ ,Lo~^) G TZ"" of critical points we let 

M{A-,oj-,A+,uj^)= M{A- , a;- , ^+ , w+)/g(P) 

be the moduli space as defined in Section [3l We assume it here to be a 
smooth manifold which is then of dimension ind^~ — ind^"*". The group 
M acts freely on the moduli space by time-shifts. If this index difference 
equals 1 it follows by compactness (cf. Theorem llOp that M^A^ ,uj^ ^ ^uj^) 
modulo the M-action consists of a finite number of points. For A; G N we 
hence obtain a well-defined boundary operator 

4: CYMk{T.,g,P,a) ^ CyMfe_i(S, 5, P, a) 

to be the linear extension of the map 

dkX := n{x,x')x', 

ind(a:') = fc-l 

with X € TZ"" is a critical point of index ind(x) = k. Here n(x, x') € Z2 
is defined to be the number of elements in M{A^ ,u}~ ,A~^ ,uj~^), counted 
modulo 2, i.e. 

n(x,x') := (mod2). 

Lemma 13. The map satisfies 5* o = 0, i.e. is a chain map. 

Proof. The chain map property follows from standard arguments making use 
of Theorem II II on exponential decay of finite energy gradient flow lines. □ 

We deflne the elliptic Yang Mills homology associated vi^ith (S, g, a, f) 

to be the collection of abelian groups 

ker dk 



HYMk{^,g,P,a) 



im dk+i 
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for k G Nq. 

We conclude this section with a number of remarks. 

• We expect standard cobordism arguments to show independence of the 
homology groups HY M^,{Ti^ g, P, a) on the choice of the Riemannian met- 
ric g and perturbations used to define it. 

• To keep the exposition short we developped here a version of elliptic Yang- 
Mills homology using coefficients in Z2. Defining a variant of it with 
coefficients in Z requires to deal with oriented moduli spaces. 

• It would be very interesting to compare elliptic Yang-Mills homology with 
the Morse homology obtained from the Yang-Mills gradient flow on a 
Riemannian surface and first considered by Atiyah and Bott [3]. The 
chain complexes in both cases are generated by Yang-Mills connections A 
(respectively pairs {A,uj) where A is Yang-Mills and a; = *Fa) and hence 
coincide. However the boundary operators are very different, involving 
a parabolic equation in the classical situation, in contrast to the elliptic 
system in the approach presented here. 

7. Three-dimensional product manifolds 

So far, we defined elliptic Yang-Mills homology in the case n = 2 which 
allows the equations to be nicely elliptic. In the subsequent two sections we 
discuss two approaches for the case n = 3; first we explain how the homology 
can be applied to a special case of three-dimensional products y = S x S*^. 
Then in Section [8] we show how to restore ellipticity by restricting the space 
X = A{P) X $7"^^(y, ad(P)) to a certain Banach submanifold. 

For the first purpose we choose the 3-manifold S x with the partially 
rescaled metric e^^s ©fci ) ^ parameter e > 0, and consider the principal 
SO(3)-bundle P x ^ T, x S^. The motivation for considering this setup 
comes from the fact that the perturbed Yang-Mills connections of P and 
the resulting elliptic homology groups are strongly related to the perturbed 
geodesies and the homology of the loop group CM.^{P) of the moduli space 
of flat connections M.^{P). 

Remark 14. The moduli space A4^{P) for a principal bundle P over a 
Riemann surface S of genus g was investigated for the first time in 1983 
by Atiyah and Bott (cf. |3j). They noticed that the conformal structure 
of S gives rise to a Riemannian metric and an almost complex structure 
on it; moreover, if a nontrivial principal SO(3)-bundle P is chosen, then 
the moduli space AA^{P), defined as the quotient of the space of the fiat 
connections Aq{P) C A{P) and the identity component Go{P) of the group 
of gauge transformations, is a smooth compact Kahler manifold of dimension 
6(7 — 6 (cf. [^). In the nineties some aspects of the topology of Ad^{P) were 
investigated by Dostoglou and Salamon (cf. O El [U [I9j ) , who proved among 
other results the Atiyah-Floer conjecture, as well as by Hong (cf. [TT]). 
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In fact, on the one hand, there is a bijection between the perturbed Yang- 
Mills connections on the bundle P x and the perturbed geodesies on 
M^{P) (cf. [H]). On the other hand it turned out that the Morse homolo- 
gies, defined using the perturbed Yang-Mills flow on P x 5^ — >■ S x 5^ 
and the heat flow on are isomorphic (cf. [IS [13]), provided that e 

is small enough and that an energy bound h is chosen, i.e.: 

(41) HNU [c^M^iP), Z2) = HAU (^"'^ {P X S^) /Gq {P x S^) , Z2) 

where C^M3{P) C CM^{P) and A''''' {P x S^) ^ A{P x S^), respectively, 
denote the subsets with energies bounded from above by b. 

Furthermore, in the case of loop spaces the homology is well-defined due 
to the works of Salamon and Weber (cf. [20^ [3T]). On the other hand, for 
the Yang-Mills case, the flow exists if the base manifold is two- or three- 
dimensional or if it has a symmetry of codimension three (cf. \15\ I16j). 
but Morse-Smale transversality is not proven yet and thus the homology 
HM^, [A'^''' {P X S^) /Qq[P X S^)) might not be defined in the general case. 
In the chosen special case, however, the unstable manifolds of gauge equiv- 
alence classes in A^'^ [P x S^) /Qq (^P x S^) inherit the orientation and the 
transversality properties from the unstable manifolds of C^M^{P). 

By works of Viterbo (cf. [21]), Salamon and Weber (cf. [20j) and Abbondan- 
dolo and Schwarz (cf. [Il[2]) (Morse) homology of C^MP{P) is isomorphic to 
Floer homology of the cotangent bundle T*A4^{P) defined via the Hamil- 
tonian Hy given by the sum of kinetic and potential energy and considering 
only orbits with action bounded by b. Moreover, Weber (cf. [3lj) showed that 
the Morse homology of the loop space defined by the heat flow is isomorphic 
to its singular homology. Summarizing we therefore have (conjecturally) the 
following isomorphisms of abelian groups: 

{£'M9{P)) {A''' /Go) 

7 

(42) HM,{C^M9{P)) ^ HM,{A''^/go) ' 

HF^{T*M3{P),Hv) 

Here we denoted A^'^ {P x S^) /Qq {P x S^) by ^^'V^o- It is still an open 
question whether the Morse homology of A'^'^/Go defined using the flow 
of the Yang-Mills functional is isomorphic to singular homology. In this con- 
text, we may introduce the Morse homology HYM{Ti x , e^gs © 551 , a, /) 
defined from the functional on A{P x S^) xQ^{Ti x S^, ad(P)), which can 
be seen as the Yang-Mills analogue of the cotangent bundle. In fact, in this 
special case it might be possible to show that HYM{T, x 5*^, e^gs ©551 , a, /) 
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inherits the properties of HF^ {T* M<^ {P) , Hy) or of HM^ prov- 
ing an isomorphism between the homologies by an analogous argument as 
in [12] or in [20] : 



? 

HFb{T*M9{P),Hv) ^ HYM{^xS\e^gj,egs^,a,f) 

8. Restricted flow 

In this section we discuss a possible approach in case that the base man- 
ifold has dimension three in order to achieve the ellipticity considering a 
restricted flow. 

Proposition 15. Let {A,uj,^) G A{P) x ad(P)) x ad(P)). 

Then the linear operator Vg + -B(A,a;,'i') associated with {A,uj,^) (cf. is 
elliptic if and only if n = 2. 

Proof. It is straightforward to verify the assertion by calculating the prin- 
cipal symbol of the operator + -B(yi,a;,*) • As this requires to introduce 
some notation we instead prove the claim for the operator 

A short calculation shows that 
(44) -WUBf^^^^^) = 

+ \ 

-d^,+d*^dA \+RiA,co,^), 

-92 + Aa/ 

where R(A,ui,-ii) is a differential operator of order one. In the case n = 2 it 
follows that the entry d*^dA appearing in (|44|) is equal to A^. Then the 
leading order term of — + B'^^^ is the Laplacian —dg + A^, showing 
that this operator is elliptic. A simple argument then yields ellipticity of 
Vs + B(^A,uj,^) if a,nd only if n = 2. □ 

To circumvent the lack of ellipticity of its linearization in dimension n > 3 
we introduce the following modification of the gradient flow ([5]). This 
modification arises as the gradient flow equation for the functional J7 
restricted to the manifold (with singularities) 

X = {{A,io) G A{P) X n\Y,ad{P)) \ dAto = 0}. 

Note that in dimension n = 2 it follows that X = A{P) x ^1^{Y, ad(P)), and 
the system ([5]) studied so far appears as a special case of the restricted flow 



(43) 



{C^MS{P)) 
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equations we shall introduce below. The tangent space of X in [A, u) £ X 

is T(^A,Lu)X = kerL(^A,Lu), where 

{a, v) I— d*j^v + A a]. 
The formal adjoint of is the operator 

^A,ui)- {[(p Au}],dA(p)■ 
The orthogonal projection tt(a,u}) '■ ^(A.w) (-^(-P) x ^^{Y,ad{P)) T(^a^^-jX 
is given by 

'^(A,uj){a,v) = {a-[ip,uj],v - dA(p), 
where if solves the elliptic equation 

(45) R{A,ui)^ ■= A^c/? - *[*uj A[uj A if]] = L(A,uj){a,v). 

Note that the operator R(^a.uj) is symmetric. For (a, v) = {*dAU}, —oj + *Fa) 
it follows (assuming d*^LO = 0) that 

(46) R{A,u))V = — * [*dA'^ A *uj\ = — - * dA[oJ A uj\. 

Remark 16. For {A,(jj) € X where R<^a,u}) is not bijective, it follows that 99 
in (j45p is not uniquely defined. To single out a particular solution it might 
be useful to require that ip is Lp' orthogonal to the (finite-dimensional) affine 
subspace of solutions of (l45]) . This leads to the further condition € im ii. 

Definition 17. The restricted gradient flow is the system of equations 

f.j-. f Q = dsA- dA^ + *dAUJ + [92 A a;] 

^ ' \ = dsuj + [<!>, uj]-uj + *Fa + dA<P 

for a pair {A,oj) € X and $ G r2'^(S, ad(P)). Here 99 is defined to be a 
solution of (fi6|) . 

We conclude this section with a number of remarks. First one should note 
that the additional condition d\uj = imposed on the (infinite-dimensional) 
manifold of pairs {A,oj) is compatible with the critical point equation ([6]). 
Namely then, uj = *Fa and hence d\oj = holds by the Bianchi identity. 
Second, the linearization of (j47p together with a gauge fixing condition as 
discussed in Remark [3] now leads to an elliptic system in any dimension 
n (in contrast to the unrestricted flow ([5]) , cf . Proposition [T5]) . A slight 
complication now comes from the fact that the term 99 in (I47p is nonlocal 
(however of lower order). Still it is conceivable that an analysis of moduli 
spaces of solutions of (I47p is possible in analogy to that of ([5]). This will 
lead to an elliptic Yang-Mills Morse homology for manifolds of dimension 
n > 3. We leave this programe to be carried out to a future publication. 
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Appendix A. A priori estimates 

A.l. Differential inequalities for the energy density. From the flow 
equation ([5]) it follows by differentiation with respect to s that 



(48) 



A = d*^FA + {-lT *dAU) + i-lT *[A/\u;] 
Co = d\dAOJ + to 



We restrict attention to the case n = 2 where (j48p constitutes an elliptic 
system of equations for {A,lo). Our aim is to derive differential inequalities 
satisfied by the energy density 

e(Aw) := \{\dAOj\^ - \ *Fa-uj\^). 

associated with a solution of We denote 

d^ 

^ixY ■■= + Ay. 

Then it follows that 

d d 

A/xye = -I— dAWp - Wi-^ + *Fa)? - \^ AdA^? - 1Va(-w + *Fa)P 
ds ds 

d^ 

+ {dAUO, (--^ + V*j^A)dA^) 

V ' 

I 

d^ 

+ (-w + *Fa, (-^ + V\Va){-^ + *Fa)) . 

V ' 

II 

Now we consider the last two terms. We replace V^V^ using the Weizenbock 
formula. This results in the expressions (— ^ + ^A)dA'^ and (— ^ + 
Aa)(— + *Fa) for which we obtain from ()48p the identities 

= — —{dA^ + A wl) + dAd*AdAijO + d*AdAdA'~o 
ds 

= -dALO - *[A Au] - [A Alu] - [A Alo] + dAd^dAi^ + d*A[FA A u] 

= -dAU} + d^-T- *Fa- 2[A a u}] - [A a uj] + d*, [F^ Auj]+ dAd^dAOJ 
ds 

= -dAio + dA* dAA - 2[A A cj] - [A A tj] + d^i-FA Alo] + dAd*AdA(^ 
= -dAio - 2[A Auj]-[AAlo]+ dA[FA A to], 



and 
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and 

(P d 
(-^ + Aa)(-w + *Fa) = io- *^dAA - Aauj + d*AdA * Fa 

= a) - *dAA - *[A A A]- Aauj + d^^A * Fa 
= 2d*AdAio - Aauj + to + d*A[A A cj] - *[A A A]. 
Because d\u) = 0, the last expression reduces to 

... 

(-— + Aa)(-w + *Fa) = Aauj + uj + Auj]- *[A A A]. 

It then follows (for any e > and some absolute constant C > 0) that 
1I| <\{dAUJ,{FA,dAUj} + {RY,dAUj})\ 

+ \ {dAUJ, -dAUJ - 2[A Auj]-[AAuj] + d*^[FA /\ uj])\ 
<C{\dAUjf + \Fa\^ + [dAUj]"^ + e\dAUj\'^ + e'^A^P + 1^1^ + \ujf 
+ e|ip + e-^\ujf + sIVaFa^ + |FaP + iV^wp) 

|II| <K-w + *Fa, {Fa, -uj + *Fa} + {Ry, -uj + *Fa})\ 

+ \{-uj + *Fa,Aauj + UJ + d^AAuj] - *[A A A])\ 

<C{\ - UJ + *FAf + \FAf + \ - UJ + *FaP 

+ e|VA(iAWp + e~^\-uj + + \ujf + elV^^P 

+ e^^l - a; + *Fa|^ + e" Vl^ + 1^1^ + IVa^^I^)- 

Now we fix e < C^^. Then the next lemma is a consequence of the last two 
estimates. 

Lemma 18. Assume that {A,uj) is a solution of ([5]). Then the energy 
density e{A,uj) satisfies on I x Y the pointwise estimate 

(49) Ajy^ye < Ao + Ai\ujf + A2e + Ase^ 

for positive constants ^0,^1,^2,^3 which do not depend on {A,uj). 

Remark 19. Note that the exponent | appearing in the differential in- 
equality for e in Lemma [TH] is critical in the case dimy = 3. 

Lemma [18] together with Theorem [20] below implies an L°° bound for e 
on / X y in terms of 
r 

/ e and sup |a;(x)|^ < 1 + ||ci;||^ooc/xy)- 

As we explain next, the term ||'^||f,oo(7-xy) absorbed in the left-hand 

side of that estimate. Namely, by the assumption that the energy fj e(s) ds 



ELLIPTIC YANG-MILLS FLOW THEORY 25 

be bounded and Lemma [2T] it follows that there is a constant C{I) > such 
that 

\\Fj^\\LmxY)<C{I), 

where we let = Fa + A A ds denote the curvature of A, viewed as a 
connection in A{I x P). Let € A{P) be a smooth reference connection. 
Uhlenbeck's weak compactness theorem (cf. [29] Theorem A]) then yields a 
further constant Ci (/) such that 

\\A - ^o||vi/i.2(/xE) < 
Set a := A — Aq. Then by Eq. ^ co satisfies the elliptic equation 

[j — uj — AaqUJ = d^ia Auj] — *[a A *dAUj]. 
By elliptic regularity we obtain the estimate 

(50) ||tj||^2,2(jxy) < 

c{\Ml2{ixY) + \\dA[a A uj]\\l2(ixY) + lib A *dAUj]\\L2(ixY))- 

Using Holder's inequality and the Sobolev embeddings M^^'^(/xS) ^ LP{Ix 
S) for 1 < p < 6 and W'^'^{I x S) ^ L°°{I x S), the last two terms on the 
right-hand side can further be estimated as 

\\d*A[a /\uj]\\l^IxY) = \\[dA<^^^] + A dAUjjh^ixY) 

< c(||(f^a||i2(jxy)||w||L°°(/xy) + ll"llL4{/xy) ll^llL4(/xy)) 

< c(e|[tj||^2,2(/xs) + e~"^ll"lliyi>2{/xs))- 

Choosing e > sufficiently small, the term ce||w||i4/2,2(/xS) can be absorbed 
in the left-hand side of (fSOl) . The term |j[a A *dAUj]\\i2(^jxY) can be treated 
similarly. This finally yields a constant C2{I) such that 

(51) ||a;||Loo(/ X y) < c||a;||vi/2,2(7xy) < C2il). 
Therefore estimate (j49p in Lemma [18] can be improved to 

(52) Ai^Ye<Ao + A2e + A3e^ 

for positive constants Aq,A2,A3 which do not depend on {A,lj). 

Theorem 20 (Elliptic mean value inequality). For every n € N there exists 
constants C, fj, > 0, and 6 > such that the following holds for all metrics g 
on M" such that \\g — l||^^i,oo < S. Let Br{0) C M" be the geodesic ball of ra- 
dius < r < 1. Suppose that the nonnegative function e G (5^.(0), [0, oo)) 
satisfies for some AQ,Ai,a > 

Ae < + ^le + ae("+2)/n ^nd [ e < /ia-"/^. 

JBriO) 

Then 

e{0) <CAor^ + C{A'l^^ + r-") [ e. 
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Proof. For a proof we refer to [SOi Theorem 1.1]. □ 

A. 2. L^-estimates. For simplicity, we let $ = in the following discussion. 
Let {A,u!) be a solution of ([5]) such that for critical points {A^,uj^) the 
asymptotic conditions 

hm iA{s),u;{s)) = {A^,oj^) 

s— >±oo 

are satisfied. Let := J'{A^,lo^). Since {A,lo) is an L^-gradient flow line 
of i7 it follows that 



(53) / \\VJ{A{s),oj{s))\\i2ds = C- -C+ >0. 

From this we obtain the following estimate for the L^-norm of Fa over the 
domain / x y. 

Lemma 21. For {A,uj) as above and any interval / € M there holds the 
estimate 

\\Fa{s) Wh ds<C- -C+ + 2 J{A{s),u{s)) ds<{l + 2\I\)C~ - C+. 
Proof. From the energy identity (j53p it follows that 

C- -C+> ||w - Fa\\12 = M\h + WFaWIi - 2{Fa,u;) ds 

\\FA\\l2-2J{A,u)ds. 



Note that for all s G M, J{A{s),uj{s)) < to conclude the claim. □ 

An estimate for the L^-norm of uj is given by the following lemma. 
Lemma 22. For {A,uj) as above and every s G M there holds the estimate 



1, 

'' " " '"a(s)IIl2- 



-Ms)\\12<\\Fa "2 



Proof. Note that = Fa+ , hence 
It therefore follows from the gradient flow property that for all s G 



1. , ..2 



< J{A{s),u{s)) = /__(F^(,),a;(s)) - -\u{s)\ 



Y 



1 1 

< II^(s)IIl2||-^a(s)IIl2 - -\Ml2 = \](^{s)\\l2{\\Fa{s)\\l^ ~ 2"^*^'^^"^')- 

The second line is by the Cauchy-Schwarz inequality. Thus < ||l2 — 

112,2, as claimed. □ 
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